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AN EXAMPLE OF A TEICHMÜLLER DISK IN GENUS 4
WITH DEGENERATE KONTSEVICH-ZORICH SPECTRUM
GIOVANNI FORNI AND CARLOS MATHEUS
ABSTRACT. We construct an orientable holomorphic quadratic differ-
ential on a Riemann surface of genus 4 whose SL(2,R)-orbit is closed
and has a highly degenerate Kontsevich-Zorich spectrum. This example
is related to a previous similar construction in genus 3 by the first author.
1. INTRODUCTION
The goal of this note is the construction of an orientable quadratic dif-
ferential q on a Riemann surface M of genus 4 such that the Kontsevich-
Zorich cocycle along the SL(2,R)-orbit of (M, q) has a totally degenerate
Kontsevich-Zorich spectrum,in the sense that all non-trivial Lyapunov ex-
ponents of the Kontsevich-Zorich cocycle are equall to zero. A similar ex-
ample in genus 3 appeared in [6]. Our example is given by a non-primitive
Veech surface in the stratum H(2, 2, 2) of abelian differentials with 3 dou-
ble zeros. Unpublished work of M. Möller implies that there are very few
examples of this kind and only for abelian differentials on surfaces of genus
g ≤ 5. It is likely that the Forni’s example in genus 3 [6] and the exam-
ple presented here are the only examples of Veech surfaces with vanishing
non-trivial Konstevich-Zorich exponents [11].
In order to explain more precisely our results, let us recall the definition
of the Teichmüller flow and the Kontsevich-Zorich cocycle.
Given a surface M , we denote by Diff+(M) the group of orientation-
preserving diffeomorphisms of M and Diff+0 (M) the connected compo-
nent of the identity in Diff+(M) (i.e., Diff+0 (M) is the subset of diffeo-
morphisms in Diff+(M) which are isotopic to the identity).
Definition 1.1. Let Qg be the Teichmüller space of holomorphic quadratic
differentials on a surface of genus g ≥ 1:
Qg = {holomorphic quadratic differentials}/ Diff+0 (M).
Also, let Mg be the moduli space of holomorphic quadratic differentials on
a surface of genus g ≥ 1:
Mg = {holomorphic quadratic differentials}/Γg,
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where Γg is the mapping class group Γg := Diff+(M)/ Diff+0 (M).
Moreover, we note that the group SL(2,R) acts naturally on Mg by linear
transformations on the pairs of real-valued 1-forms
(
Re(q1/2), Im(q1/2)
)
.
The Teichmüller (geodesic) flow Gt is given by the action of the diagonal
subgroup diag(et, e−t) of SL(2,R) on Mg.
For later reference, we recall some of the main structures of the Teich-
müller space Qg and the moduli space Mg:
• Mg andQg are stratified into analytic spaces Mκ andQκ obtained by
fixing the multiplicities κ = (k1, . . . , kσ) of the zeroes {p1, . . . , pσ}
of the quadratic differentials (here ∑ ki = 4g − 4);
• the total area function A : Mg → R+, A(q) =
∫
M
|q| is SL(2,R)-
invariant so that the unit bundle M(1)g := A−1(1) and its strata
M
(1)
κ := Mg ∩ M
(1)
g are SL(2,R)-invariant (and, a fortiori, Gt-
invariant);
• a stratum Mκ of orientable quadratic differentials (that is, quadratic
differentials obtained as squares of holomorphic 1-forms) has a lo-
cally affine structure modeled on the cohomology H1(M,Σκ,C),
relative to the zero set Σκ := {p1, . . . , pσ}, with local charts are
given by the period map q 7→ [q1/2] ∈ H1(M,Σκ,C);
• the Lebesgue measure on the Euclidean space H1(M,Σκ,C), ap-
propriately normalized, induces an absolutely continuous SL(2,R)-
invariant measure µκ on Mκ such that the conditional measure µ(1)κ
induced on M(1)κ is SL(2,R)-invariant (and hence Gt-invariant).
Once we get the existence of a good invariant measure µ(1)κ for the Teich-
müller flow, it is natural to ask whether µ(1)κ has finite mass and/or µ(1)κ
is ergodic with respect to the Teichmüller dynamics. In this direction,
Veech [13] showed that the strata are not always connected. More recently,
Kontsevich and Zorich [8] (in the orientable case) and Lanneau [9] (in the
non-orientable case) gave a complete classification of the connected com-
ponents of all strata of holomorphic quadratic differentials. Taking this into
account, we have the following result:
Theorem 1.2 (Masur [10], Veech [12]). The total volume of µ(1)κ is finite
and the Teichmüller flow Gt = diag(et, e−t) is ergodic on each connected
component of Mκ with respect to µ(1)κ .
In order to analyze the Lyapunov spectrum (i.e., the collection of the
Lyapunov exponents) of the Teichmüller flow, Kontsevich and Zorich [7]
introduced the following notion: the Kontsevich-Zorich cocycle GKZt is the
quotient of the trivial cocycle Gt× id : Qg×H1(M,R)→ Qg×H1(M,R)
with respect to the action of the mapping class group Γg. It is known that
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the cocycle GKZt is symplectic, so that the Lyapunov spectrum of GKZt with
respect to any Gt-invariant ergodic probability µ is symmetric:
1 = λµ1 ≥ . . . λ
µ
g ≥ 0 ≥ −λ
µ
g ≥ · · · ≥ −λ
µ
1 = −1.
It turns out that the g numbers 1 = λµ1 ≥ λ
µ
2 ≥ · · · ≥ λ
µ
g appearing
in the non-negative part of the Kontsevich-Zorich spectrum determines the
Lyapunov spectrum of the Teichmüller flow (this is one of the motivation
for introducing the Kontsevich-Zorich cocycle). Indeed, it is possible to
show that, for any ergodic probability measure µ on Mg supported on a
stratum of orientable quadratic differentials with σ ∈ N distinct zeros, the
Lyapunov spectrum of the Teichmüller flow is
2 = (1 + λµ1 ) ≥ · · · ≥ (1 + λ
µ
g ) ≥
σ−1︷ ︸︸ ︷
1 = · · · = 1 ≥ (1− λµg ) ≥ . . .
≥ (1− λµ2) ≥ 0 ≥ −(1 − λ
µ
2 ) ≥ · · · ≥ −(1− λ
µ
g )
≥ −1 = · · · = −1︸ ︷︷ ︸
σ−1
≥ −(1 + λµg ) ≥ · · · ≥ −(1 + λ
µ
1 ) = −2.
On the other hand, concerning the Lyapunov spectrum of the Kontsevich-
Zorich cocycle, Zorich and Kontsevich conjectured that the Lyapunov ex-
ponents of GKZt for the canonical absolutely continuous measure µ
(1)
κ on
any stratum of orientable quadratic differentials are all non-zero (i.e., non-
uniform hyperbolicity) and distinct (i.e., all Lyapunov exponents have mul-
tiplicity 1). After the fundamental works of G. Forni [5] (showing the non-
uniform hyperbolicity of GKZt ) and Avila, Viana [1] (proving the simplicity
of the Lyapunov spectrum), it follows that Zorich-Kontsevich conjecture is
true. In other words, the Lyapunov exponents of a µ(1)κ -generic point are
all non-zero and they have multiplicity 1. However, it remains to under-
stand the dynamical behavior under GKZt of the non-generic orbits (with
respect to µ(1)κ ). In particular, one can follow Veech and ask how “degen-
erate” the Lyapunov spectrum of GKZt can be along a non-typical orbit.
This question was first answered by G. Forni [6] who exhibited an example
of an orientable holomorphic quadratic differential q on a Riemann sur-
face M of genus g = 3 such that the Kontsevich-Zorich spectrum of the
SL(2,R)-invariant measure µ supported on the (closed) SL(2,R)-orbit of
(M, q) verifies λµ2 = λ
µ
3 = 0.
At this point, we are able to state our main result:
Theorem 1.3. There exists an orientable holomorphic quadratic differen-
tial q on a Riemman surfaceM of genus 4 such that the Lyapunov exponents
(with respect to GKZt ) of the SL(2,R)-invariant probability µ supported on
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the SL(2,R)-orbit of (M, q) verifies
λµ2 = λ
µ
3 = λ
µ
4 = 0.
The organization of this note is the following: in §2, we will recall Forni’s
version of the Kontsevich-Zorich formula for the sum of the Lyapunov ex-
ponents of GKZt , in §3 we review Forni’s method [6] to exlpoit symmetries
and, in section §4, we will complete the proof of our theorem.
Acknowledgements: We would like to thank J.-C. Yoccoz, who moti-
vated our work by asking whether the example in [6] could be generalized.
We are also very grateful to M. Möller who introduced us to the notion of
a cyclic cover, directed us to the reference [2] and suggested the correct
algebraic equation of our example.
2. THE KONTSEVICH-ZORICH FORMULA REVISITED
Let q be a holomorphic quadratic differential on a Riemann surface M
of genus g ≥ 2. Fix z = x + iy a holomorphic local coordinate and
write q = φ(z)dz2. It follows that the (degenerate) Riemannian metric
Rq and the area form ωq induced by q are Rq = |φ(z)|1/2(dx2 + dy2)1/2,
ωq = |φ(z)|dx ∧ dy. Denote by S = ∂/∂x and T = ∂/∂y the hori-
zontal and vertical directions. Define L2q(M) := L2(M,ωq) the space of
complex-valued square-integrable functions and H1q (M) the Sobolev space
of functions v ∈ L2q(M) such that Sv, Tv ∈ L2q(M).
Lemma 2.1 (Forni [4], prop. 3.2). The Cauchy-Riemann operators ∂± :=
S±iT
2
with (dense) domain H1q (M) ⊂ L2q(M) are closed. Morever, ∂± has
closed range of finite codimension (equal to the genus g of M). Further-
more, denoting by M±q ⊂ L2q(M) the subspaces of meromorphic (resp.
anti-meromorphic) functions, we have the orthogonal decompositions:
L2q(M) = Ran(∂
+
q )⊕M
−
q = Ran(∂
−
q )⊕M
+
q .
Denote by π±q : L2q(M) → M±q the orthogonal projection. Let Hq be the
(non-negative definite) Hermitian form on M+q ⊂ L2q(M) given by
Hq(m
+
1 , m
+
2 ) := (π
−
q (m
+
1 ), π
−
q (m
+
2 ))q :=
∫
M
π−q (m
+
1 ) · π
−
q (m
+
2 )ωq
for all m+1 , m+2 ∈Mq. Let
1 ≡ Λ1(q) ≥ Λ2(q) ≥ · · · ≥ Λg(q) ≥ 0
be the eigenvalues of Hq.
Next, we consider the sets
R
(1)
g (k) := {q ∈M
(1)
g : Λk+1(q) = · · · = Λg(q) = 0}.
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Definition 2.2. The set R(1)g (g − 1) is called the determinant locus.
The relevance of the natural filtration of sets R(1)g (1) ⊂ · · · ⊂ R(1)g (g−1)
for the study of the Lyapunov spectrum of GKZt becomes evident from the
following version of a formula by Kontsevich and Zorich [7] for the sum of
Lyapunov exponents:
Theorem 2.3 (Forni [5], Corollary 5.3). Let µ be a SL(2,R)-invariant er-
godic probability measure on M(1)g . Then, the Lyapunov exponents of GKZt
with respect to µ satisfy the formula:
λµ1 + · · ·+ λ
µ
g =
∫
M
(1)
g
(Λ1(q) + · · ·+ Λg(q))dµ(q).
In particular, since λµ1 = 1 ≡ Λ1(q), we have
λµ2 + · · ·+ λ
µ
g =
∫
M
(1)
g
(Λ2(q) + · · ·+ Λg(q))dµ(q).
A direct consequence of this formula is:
Corollary 2.4 (Forni [6], Corollary 7.1). Let µ be any SL(2,R)-invariant
ergodic probability measure on M(1)g supported on a stratum of orientable
quadratic differentials. The measure µ is supported on the locus R(1)g (1) if
and only if the non-trivial Kontsevich-Zorich spectrum vanishes, that is,
λµ2 = · · · = λ
µ
g = 0 .
3. SYMMETRIES
In this section we recall the simple method developed in [6] to derive
bounds on the rank of the matrix Hq from symmetriesÊof the orientable
holomorphic quadratic differential q. Let Aut(M) be the goup of holomor-
phic automorphism of the Riemann surface M . Let Aut(q) ⊂ Aut(M) is
the subgroup formed by automorphisms a ∈ Aut(M) such that a∗(q) = q.
Note that there is a natural unitary action of Aut(q) on M+q (by pull-back).
Given a ∈ Aut(q), fix {m+1 (a), . . . , m+g (a)} an orthonormal basis of eigen-
vectors and denote by {u1(a), . . . , ug(a)} the associated eigenvalues. Let
Ba(q) be the matrix of the operator π−q : M+q → M−q with respect to the
basis {m+1 (a), . . . , m+g (a)} ⊂M+q and {m+1 (a), . . . , m+g (a)} ⊂M−q :
Baij(q) =
∫
M
m+i (a)m
+
j (a)ωq.
For any I, J ⊂ {1, . . . , g} with #I = #J , denote by detBaIJ the minor of
the matrix Ba(q) with entries Baij(q), i ∈ I, j ∈ J .
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Lemma 3.1 (Forni [6], Lemma 7.2). The following holds:∏
i∈I
∏
j∈J
ui(a)uj(a) 6= 1 =⇒ detB
a
IJ(q) = 0.
Corollary 3.2. If ∏
i∈I
∏
j∈J
ui(a)uj(a) 6= 1 for all I, J ⊂ {1, . . . , g} with
#I = #J = k, then rank(Hq) ≤ g − k, hence q ∈ R(1)g (k).
Proof. Since the matrix H(q) of Hq with respect to {m+1 (a), . . . , m+g (a)}
satisfies H(q) = Ba(q)∗Ba(q) = Ba(q)Ba(q) (see equation (44) of [6]),
the statement follows immediately from the previous lemma. 
At this point, we are ready to present our genus 4 example and prove
Theorem 1.3.
4. THE EXAMPLE
Given an integer N > 1 and a 4-tuple of integers a := (a1, . . . , a4)
with 0 < aµ < N , gcd(N, a1, . . . , a4) = 1 and
4∑
µ=1
aµ ≡ 0 (mod N). Let
x1, x2, x3, x4 ∈ C be 4 distinct points and let M := MN(a) be the con-
nected, non-singular Riemann surface determined by the algebraic equa-
tion:
wN = (z − x1)
a1(z − x2)
a2(z − x3)
a3(z − x4)
a4 .
The surface M is a cyclic cover of the Riemann sphere P1(C) branched
over the points x1, . . . , x4 ∈ C ≡ P1(C) \ {∞}. In fact, every such cyclic
cover (up to isomorphisms) can be written as above (see Example 4.2 in
[2]). The surface M has genus
g = N + 1−
1
2
4∑
µ=1
gcd(aµ, N) .
The surface M is called a cyclic cover since its automorphism group is
cyclic. In fact, it is generated by the automorphism T : M →M given by
T (z, w) = (z, εw) ,
where εN = 1 is a primitive N th root of unity.
For i ∈ {1, . . . , N − 1}, let Li denote the eigenspace with eigenvalue ǫi
for the action of T on holomorphic abelian differentials:
Li := {ω ∈ H
1
dR(M,C) : T
∗ω = εi · ω} .
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Lemma 4.1 (Bouw [2], Lemma 4.3). The following formulas hold:
dimCLi =
4∑
µ=1
〈
i · aµ
N
〉 − 1
(here 〈·〉 denotes the fractional part).
We recall that the genus 3 example in [6] was given by the SL(2,R)
orbit of orientable quadratic differentials (or, equivalently, of abelian differ-
entials) constructed from cyclic covers of type M4(1, 1, 1, 1).
Proof of Theorem 1.3. Our example is given by an orientable holomorphic
quadratic differential constructed from cyclic covers of type M6(1, 1, 1, 3).
Let M be any branched cover of type M6(1, 1, 1, 3). Observe that M has
genus 4. Lemma 4.1 yields:
(4.1)
dimCL1 = dimCL2 = 0 ;
dimCL3 = dimCL4 = 1 ;
dimCL5 = 2 .
Thus, we can fix θ1 ∈ L3, θ2 ∈ L4 and θ3, θ4 ∈ L5 so that {θ1, . . . , θ4}
is a basis of the space of holomorphic differentials on M and the action
of T ∗ on this basis is diagonal with eigenvalues −1 = ε3 (with multiplic-
ity 1), ε4 (with multiplicity 1) and ε5 (with multiplicity 2). Let q = θ21
be the orientable quadratic differential obtained as pull-back to M of the
unique holomorphic quadratic differential on P(C) with simple poles at the
branching points {x1, . . . , x4}. It follows that the spectrum of the action of
T ∈ Aut(q) on the space M+q ⊂ L2q(M) is
u1(T ) = 1 , u2(T ) = −ε
4 , u3(T ) = −ε
5 , u4(T ) = −ε
5 .
Consequently, q ∈ R(1)4 (1). In fact, a direct application of Corollary 3.2
shows that the form Hq has rank 1, so that q ∈ R(1)4 (1).
Let V be the set of all orientable quadratic differentials on a cyclic cover
of type M6(1, 1, 1, 3) branched over 4 points {x1, . . . , x4} ∈ P(C) obtained
as pull-back of the unique (non-orientable) holomorphic quadratic differ-
ential on P(C), of total area equal to 1, with simple poles at x1, . . . , x4.
Since the stratum of all quadratic differentials on the Riemann sphere with
4 simple poles is SL(2,R)-invariant and consists of a single SL(2,R) or-
bits, the set V consists of a single SL(2,R) orbit in the stratum of ori-
entable quadratic differentials with 3 distinct zeros of order 4 (equivalently,
of the stratum of squares of abelian differentials with 3 distinct double ze-
ros). The above computation shows that V ⊂ R(1)4 (1), hence (in view of
Corollary 2.4) the proof of Theorem 1.3 is completed. 
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We conclude by the remark that our exploration of other cyclic covers
has failed to provide additional example of totally degenerate Kontsevich-
Zorich spectra. We recall that according to Möller [11], there are no more
examples of totally degenerate Kontsevich-Zorich spectrum among Veech
surfaces in any genus.
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